We discuss our results on QCD with a number of fundamental fermions ranging from zero to sixteen. These theories exhibit a wide array of fascinating phenomena which have been under close scrutiny, especially in recent years, first and foremost is the approach to conformality. To keep this review focused, we have chosen scale generation, or lack thereof as a guiding theme, however the discussion will be set in the general framework of the analysis of the phases and phase transitions of strong interactions at zero and nonzero temperature.
C. The high temperature path to conformality Chiral symmetry is restored at high temperatures -in the so-called quark-gluon plasma (QGP) phase. Both physics intuition and phenomenological analysis based on functional renormalization group [47] and finite temperature holographic QCD [49] indicate that the conformal phase of cold, many flavor QCD and the high temperature chirally symmetric phase are continuously connected. In particular, the onset of the conformal window coincides with the vanishing of the transition temperature, and the conformal window appears as a zero temperature limit of a possibly strongly interacting QGP.
The analysis of the finite temperature phase transition is a well-established line of research within the lattice community. In our approach we build on this experience and use the properties of a thermal system to learn about general aspects of the phase diagram also at zero temperature. According to the Pisarski-Wilczek scenario [66] , the most likely possibility for N f ≥ 3 is a first order chiral transition in the chiral limit, turning into a crossover above a critical mass endpoint, and/or on lattices which are not large enough. However it should be noted that closer to the conformal window the dynamics of the light scalar mode might invalidate this simple picture, and the nature of the thermal transitions poses specific issues. We will identify the thermal crossover with confidence for a number of flavors ranging from four to eight, and we will complement these results with those of the deconfinement transition in the quenched model. Then, we study the approach to the conformal phase in the light of the chiral phase transition at finite temperature with variable number of flavors. Further, we will argue that even results in the bare lattice parameters can be used directly to locate the critical number of flavors, thus generalising to finite temperature the Miransky-Yamawaki phase diagram, Ref. [61] .
D. Setting the scale
One ubiquitous problem in these studies is the setting of a common scale among theories which are essentially different. We propose two alternative possibilities to handle this problem, one stemming from our own work [20, 21] , and the other from a recent analysis [52] . Interestingly, this latter approach analyses the dependence of the confinement parameters on the matter content, and proposes microscopic mechanisms for confinement motivated by such N f dependence.
E. Sketching the phase diagram
The phase diagram of QCD emerging from these discussions is sketched in Fig. 1 : the axis is simply the number of light flavors. Ordinary QCD -two light flavors -is marked by an arrow. The conformal region is on the right hand side, and is separated by the essential singularity for a critical number of flavor (of about eleven according to the current estimates) from the hadronic phase. The possibility of a first order transition has been discussed as well, and we will get back to this later in this paper. Clearly, as in any system undergoing a phase transition, the nature and extent of the critical window are purely dynamical questions whose answer cannot be guessed a priori. Since the underlying dynamics is completely non-perturbative, lattice calculations are the only tool to perform an ab initio, rigorous study of these phenomena, and many lattice studies have recently appeared [7] [8] [9] [10] .
We now turn to the presentation of our results. The interested reader can find all the details in our published papers [16-18, 20, 21] , and we here omitted many (sometimes important) details for the sake of a more concise presentation. Section II is devoted to the strategies we have used to obtain an (indirect) evidence of conformality from a direct evidence of chiral symmetry restoration. Some comments on the mass anomalous dimension associated with our measurements are included as well.
FIG. 1:
A projected view of the phase diagram of QCD-like theories in the temperature (T ), flavor number (N f ) and bare coupling (g) space. In the T-N f plane, the critical line is a phase boundary between the chirally broken hadronic phase and the chirally symmetric quark gluon plasma, the zero temperature end point of which is the onset of the conformal window. The zero temperature projected plane is inspired by the scenario in Refs. [61, 63] .
In Sec. III, we investigate the chiral phase transition at finite temperature for various numbers of flavor, and evaluate the onset of the conformal window N * f via the vanishing of the transition temperature at large N f . The results are further exploited in Sec.IV to highlight a connection between the conformal window and a cold QGP. In Sec. V, we discuss the issues of scale separation and possible direct evidence, which are still work in progress. In Sec. VI, we will summerize our review.
II. THE QUEST FOR CONFORMALITY
In this Section, we discuss the existence of a conformal phase in SU (N c = 3) gauge theories in four dimensions. In this lattice study, we explore the model in the bare parameter space, varying the lattice coupling and bare fermion mass.
The analysis of the chiral order parameter and the mass spectrum of the theory indicates the restoration of chiral symmetry at zero temperature and the presence of a Coulomb-like phase, depicting a scenario compatible with the existence of an IRFP at nonzero coupling.
Following the T=0 plane of Fig. 1 , at a given N f > N * f and increasing the gauge coupling from g = 0, one crosses the line of the IRFPs, going from a chirally symmetric and asymptotically free phase (pre-conformal phase, shaded in the picture) to a symmetric, but not asymptotically free one (Coulomb-like or QED-like phase). A phase transition need not be associated with the line of IRFPs, differently from what was originally speculated in Ref. [60] . At even larger couplings, a transition to a strongly coupled chirally asymmetric phase will always occur in the lattice regularized theory. The latter is referred to as a bulk phase transition. In the symmetric phases at nonzero coupling the conformal symmetry is still broken by ordinary perturbative contributions. They generate the running of the coupling constant which is different on the two sides of the symmetric phase. See Ref. [61] for a detailed discussion of this point. We emphasize that in the region considered in this paper the conformal symmetry would still be broken by Coulombic forces.
One lattice strategy to assess conformality was then the following: first, it was demonstrated that the location of the transition from the chirally symmetric to the broken phase is not sensitive to the physical temperature and is therefore compatible with a bulk nature. Subsequently, the bare fermion mass dependence of the chiral condensate on the weak coupling side of the bulk transition clearly favored a chiral symmetry restoration. Finally, the behavior of the mass spectrum close to the bulk transition will be studied, again confirming chiral symmetry restoration without making use of detailed fits. The mass dependence of the spectrum allowed the extraction of a candidate mass anomalous dimension. These results are consistent with the scenario for conformality of Fig. 1 . In the following, we limited ourselves to the presentation of the spectrum results which are probably those providing a cleanest visual evidence, and which have been updated and expanded very recently.
All our simulations use staggered fermions (Kogut-Susskind) in the fundamental representation in color SU (N c = 3). Here we used a tree level Symanzik improved gauge action to suppress lattice artifacts, and staggered fermions with the Naik improvement scheme, that effectively extends the Symanzik improvement to the matter content.
A. Spectrum
It has been noted in the past that one can devise robust signatures of chiral symmetry based on the analysis of the spectrum results. One first significant spectrum observable is the ratio m π /m ρ , between the mass of the lightest pseudoscalar state (pion) m π and the mass of the lightest vector state (rho) m ρ . In real-life QCD at zero temperature, chiral symmetry is spontaneously broken and the pion is the (pseudo)Goldstone boson of the broken symmetry, implying that its mass will behave as m π ∼ √ m. In contrast, chiral symmetry is restored in the continuum limit in the conformal window. At the IRFP and at infinite volume, the quark mass dependence of all hadron masses in the spectrum is governed by conformal symmetry: at leading order in the quark mass expansion all masses follow a power-law with common exponent determined by the anomalous dimension of the fermion mass operator at the IRFP. Hence we expect a constant ratio. Away from the IRFP, for sufficiently light quarks and finite lattice volumes, the universal power-law dependence receives corrections, due to the fact that the theory is interacting but no longer conformal.
The behaviour of the ratio is demonstrated in Fig. 2 : a conformal scenario seems favoured in the range of masses we are exploring. Note that the m π /m ρ ratio should go to zero in the chiral limit in the broken phase, and to a constant value if chiral symmetry is restored.
Analogous conclusions can be drawn from the inspection of so-called an Edinburgh plot Fig. 3 . The difference with the case of ordinary QCD is indeed striking. The modest scattering of the data points could be ascribed to the deviation from a perfect power law as discussed above. It would then be of interest to repeat the same plot for different couplings : at the IRFP it should indeed reduce to a point.
B. Anomalous Dimension
To see whether the theory has the anomalous dimension for N f = 12, we plot the pseudoscalar mass as a function of the chiral condensate [67] , as in Fig. 4 . The data are best fitted by a simple power-law form (am π ) 2 = A(a 3 ψ ψ ) 2δχ , with δ χ = 0.64(1). They clearly suggest that chiral symmetry is restored and that the theory has anomalous dimensions [67] . For comparison, in the symmetric phase and in mean field we expect a linear dependence with non negative intercept. The presence of anomalous dimensions is responsible for negative curvature -noticeably opposite to what finite volume effects would induce -and a zero intercept. The same graph in the broken phase would show the opposite curvature and extrapolate with a negative intercept.
Further, in Fig. 5 we report on the measured values of m π and m ρ as a function of the bare fermion mass from our early work [17] . Here the lightest point at am = 0.025 for the vector mass is absent, but a curvature can still be appreciated. Simulations were done on 16 3 × 24 volumes, while a set of measurements at larger volumes showed that finite volume effects were under control. The mass dependence shown in Fig. 5 hints again at a few properties of a chirally symmetric phase. We have fitted both the pion and the rho mass with a power law ansatz The accuracies of these fits are not comparable with those achieved by the fits to the chiral condensate, however they allow to draw a few conclusions. First, the mass dependence of the vector and pseudoscalar mesons is well fitted by a power-law. Second, it is also relevant that the exponents are not unity and π = 1/2. The latter result immediately tells that the pion seen here is not a Goldstone boson of a broken chiral symmetry. In addition, both mesons have masses scaling with roughly the same power, as it should be in a symmetric phase, and with increasing degeneracy towards the chiral limit. The exponent of the power law being not one, confirms that we are not in the heavy quark regime. From the results for the exponent we can formally extract a value for the anomalous dimension consistent with the other lattice results as well as the analytic estimates [11] . Needless to say, a full control on the systematic and on the corrections to scaling is needed before making such identification with confidence.
C. Inside the conformal phase : lattice matters at strong coupling!
We have previously discussed a strong coupling zero temperature transition -a bulk transition -within the conformal window. However, if we were to use a perfect action, the conformal phase discussed above would extend all the way till the infinite coupling limit. The role of improvement in this case is really dramatic! A perfect action would destroy a phase transition. No surprise, of course: these are strong coupling phenomena taking place away from the continuum limit, hence extra terms in the actions which are irrelevant in the continuum might well become relevant. [32] (red squares), our N f = 12 data and βL = 3.8, 3.9 (blue circles), N f = 16 data from [72] (magenta diamonds). The QCD physical point (black star, leftmost) and the heavy quark limit (free theory) point (black star, rightmost) are shown.
But then, how would an ordinary improved action (as opposed to a perfect action) affect the phase transition? The evidence we have so far is in this case [18] the bulk transition moves towards stronger coupling (consistently with the fact that it will eventually disappear with a perfect action), and a second transition develops. Among these two transitions we have a phase with an unusual realization of chiral symmetry, observed also in other studies [28] .
From the perspective of the analysis of continuum many flavor QCD, these observations are just due to a peculiar form of lattice artifacts. Bulk transitions are however interesting for several reasons including fundamental questions in the quantum field theory, for example the existence of an non-trivial UV fixed point in four dimension away from the perturbative domain as well as modeling of condensed matter systems, such as graphene, and the new phases discussed here might well be of interest in these contexts. The relation between the bare quark mass and the masses of the pion (red) and rho meson (blue), for 6/g 2 L = 3.6, 3.7, 3.8, 3.9 and 4.0 from the uppermost line down. Power law fits to the separate values of beta are provided.
III. NEAR-CONFORMAL : CONTINUUM AND LATTICE
In this Section we discuss results for N f = 0, 4, 6, 8, approaching the conformal window from below. In this case the results have been obtained with a fixed bare quark mass, and no attempt has been done to extrapolate to the chiral limit.
In order to monitor the behaviour of these theories we had to choose an observable, and we set for the (pseudo)critical temperature. For each N f results are given for several values of N t : this is necessary in order to control the approach to the continuum limit, as we will show below. We have used a common bare fermion mass ma = 0.02 for all simulations at finite N f . Introducing a bare fermion mass, any first order phase transition will eventually turn into a crossover for masses larger than some critical mass, and any second order transition will immediately become a crossover. Since the chiral condensate looks smooth in our results, we use the terminology of "chiral crossover" in the following. In Table I we summarize the (pseudo)critical lattice couplings β c L as a function of N f and N t associated with the thermal crossover . These are our raw data. (Table I) . 6 ). These pseudo-critical thermal lines separate a phase where chiral symmetry (approximately) holds from a phase where chiral symmetry is spontaneously broken [80] . The resultant phase diagram may be seen as an extension of the well-known Miransky-Yamawaki phase diagram [61] to finite temperature.
A. IRFP from the lattice results

Let us plot the lattice critical couplings
We here argue that the critical number of flavor N * f can be read off from the crossing point of thermal lines obtained for different N t . To see this, we consider the well-known step-scaling function:
where β L and β L give the same physical scale ξ:
Here,ξ is the dimension-less lattice correlation length, andξ/ξ = s. In our case, ξ = T −1 c ,ξ = N t ,ξ = N t , and the above relation Eq. (3) reads
As discussed in the previous study Ref. [29] , ∆β s L = 0 holds at the IRFP regardless the scale factor s. In principle, we could then compute the step-scaling function from our numerical results, and try to see where it vanishes. Alternatively, we can look for the intersection of pseudo-critical thermal lines: obviously, ∆β s L = 0 holds at the intersection point regardless the value of the scale factor s.
To demonstrate this procedure, we consider the pseudo-critical lines obtained for N t = 6 and N t = 12 as shown in Fig. 6 . Note their positive slope: the lattice critical coupling g c L is an increasing function of N f . This is a consequence of enhanced fermionic screening for a large number of flavor, as noted first in Ref. [71] . Interestingly, the slope decreases with increasing N t , which allows for a crossing point at a larger N f . Thus, we estimate the intersection at (g c L , N * f ) = (1.79 ± 0.12, 11.1 ± 1.6).
B. Towards the continuum limit: estimating again the conformal threshold
Let us now fix N f and consider the pseudo-critical temperatures T c in physical units:
We introduce the normalised critical temperature T c /Λ L/E (see e.g. [68] ) where Λ L (Λ E ) represents the lattice (E-scheme) Lambda-parameter defined in the two-loop perturbation theory with or without a renormalisation group inspired improvement [69] .
We consider the two-loop beta-function If the system is still described by one parameter beta-function in this range of coupling, the IRFP could be located at the intersection of the fixed Nt lines -or equivalently, in the region where the step-scaling function vanishes. To demonstrate the procedure -as a preliminary example -we have considered the intersection of the Nt = 12 and N f = 6 lines.
The coupling g can be either the lattice bare coupling g L = 10/β L or the E-scheme renormalised coupling g E = 3(1 − P (g L )), where P (g L ) is the zero temperature plaquette value. If the one-loop perturbation theory exactly holds, the E-scheme coincides the lattice scheme.
Integrating Eq. (6), we obtain the well-known two-loop asymptotic scaling relation,
where Λ L (Λ E ) is the Lattice (E-scheme) Lambda-parameter. To take into account higher order corrections, we have also considered the renormalisation group inspired improvement [69] 
where
The coupling β 0 can be arbitrarily set and the parameter h is adjusted so as to minimise the scaling violation. Note that h = 0 reproduces the standard asymptotic scaling law Eq. (9) .
We now substitute β c L/E into the temperature definition Eq. (5), and insert the scale Λ L/E : 1
Eq. (11) allows us to define the (normalised) critical temperature T c /Λ L/E . When we adopt the improvement Eq. (10),
where g L/E denotes either the bare lattice coupling or the coupling defined in the E scheme. In addition, we consider the renormalisation group inspired definition, where R imp is given by Eq. (10). The numerical results for T c /Λ L/E and T c /Λ imp L/E are collected in Table II and  Table III. Let us know consider the results at fixed N f : for each N f , the ratio in either Table approaches a constant by increasing N t , enabling us (with the due caveats) to interpret these asymptotic values as continuum estimates.
Let us then take the values corresponding to the largest N t and consider their N f dependence : T c /Λ apparently increases with N f ! How this can be reconciled with a vanishing T c in the chiral limit? This is discussed below, and again in the last Section.
C. The critical number of flavor and the vanishing critical temperature
The apparent puzzle above immediately suggests that Λ vanishes faster than T c when approaching N f , i.e. has a strong sensitivity to the IR dynamics affected by the conformal threshold.
To observe the vanishing of T c we then need to properly define a UV reference scale. Here we will review our first attempt to do so which relies heavily on perturbation theory, while in the last Section we will describe our ongoing work on this subject.
Before going to details, we first explain the basic idea which follows the FRG analysis by Braun and Gies [47] . They used the τ lepton mass m τ = 1.777 (GeV) as an N f independent UV reference scale for theories with any number of flavors. The initial condition of the renormalisation flow has been specified via the strong coupling constant in an N f independent way:
Starting from the common initial condition Eq. (14) , the N f dependence of the critical temperature T c (N f ) emerges from the N f dependent renormalisation flow at the chiral phase transition scale µ ∼ Λ QCD m τ . The N f dependence of T c as well as its novel non-analytic behaviour in the pre-conformal region becomes free from the choice of the reference scale [47] by using an N f independent UV reference scale much larger than T c . ). We consider a constant u0 (e.g. u0 = 0.8 in figure) , and read off the corresponding lattice bare couplings βL, which are used to define the scale M at each theory with N f flavors.
In order to determine the reference coupling g Some remarks on the aforementioned scale setting are in order: First, we recall the scale setting procedure in the potential scheme, where the measured normalised force r 2 F (r) is proportional to the renormalised couplingḡ, and the specificationḡ 2 ∝ r 2 X F (r X ) = ∃ X sets a scale r −1
X . In short, we use our u 0 (or equivalently plaquettes) to defineḡ, and u 0 = X is regarded as the analog of the potential scheme scale setting. Second, in the leading order of the perturbative expansion, the renormalised coupling is N f independent, and proportional to the Wilson loop [70] -a property that we have already exploited in the E-scheme calculation. Hence the use of an N f independent u 0 approximately gives an N f independent scale setting, similarly to the FRG scale setting method Eq. (14) . And third, such an N f independent scale setting can be performed in a sufficiently UV regime
by adjusting the value of u 0 to satisfy the condition g ∀ N f ). Note that the coupling at the lattice cutoff
is N t 1 times larger than T c . Then, the scale hierarchy
) allows us to consider a reference scale much larger than critical temperature but smaller than the lattice cutoff
. We find that u 0 ∼ 0.8 meets this requirement. In summary, the use of g ref L
given by u 0 ∼ 0.8 is analogous to the FRG scale setting method Eq. (14), and is suitable for studying the vanishing of the critical temperature by utilising 
where b 0,1 has been defined in Eqs. (7) and (8) 
IV. LEARNING ABOUT THE QUARK GLUON PLASMA WHEN STUDYING THE THRESHOLD FOR CONFORMALITY
In this second subsection, we will follow the approach of a recent paper [52] , and compute the coupling g c T (N f ) at the scale of the critical temperature for each N f . To obtain the coupling g c T at the scale of the temperature, we evolve the coupling at the scale of the lattice spacing a up to the temperature inverse scale N t a, still making use of the two loop scaling, which, as we have seen, is reasonably well satisfied.
The red ( ) symbol in Fig. 9 shows g c T as a function of N f . We superimpose a fit obtained by using the ansatz proposed in Ref. [52] 
with A and B fit parameters, which describes well the data. Since the critical temperature is zero in the conformal phase, the thermal critical coupling g c T should equal a zero temperature critical coupling g c when N f = N * f . Of course, g c is not known exactly and we have to rely on approximations.
The first estimate is based on the best available value g c SD obtained by using the two-loop Schwinger-Dyson equation [62] . In this case, the lower edge of the conformal window N * f is defined by the condition g [53] as the best available. In Fig. 9 , we show g
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as magenta , with superimposed a linear interpolation. In the plot, we use the results for g
in theMS scheme. The errors are estimated by considering the scheme dependence [53] , which turns out to be rather mild at four loops. We can then locate the intersection of g c T and g
and obtain (g * , N * f ) = (2.51, 11.8) ± (0.15, 0.9). Ideally, the three lines in Fig. 9 should meet at a (single) IRFP fixed point, if all the quoted results -including the analytic ones -were exact. Indeed the intersections we have estimated are consistent within the largish errors. We then quote the average of the above two estimates as our final result from this analysis, N * f ∼ 12.5 ± 1.6. In addition, we note that g c T is an increasing function of N f . This indicates that the quark-gluon plasma is more strongly coupled at larger N f , as discussed in Ref. [52] . In turn, this observation might provide a clue into the nature of the strongly interactive quark gluon plasma. 
V. TWO SCALES?
Let us elaborate on the circumstance that T c /Λ computed using different schemes (Λ = Λ L or Λ E ) consistently shows an increase with N f , as initially noted in [20] . As discussed in [20] this indicates that Λ L/E vanishes faster than T c upon approaching the critical number of flavor. Within the various uncertainties discussed here, this can be taken as a qualitative indication of scale separation close to the critical number of flavors.
In the Section above, we have estimated the onset of the conformal phase N f via the vanishing of T c (N f )/M . As a next step, it is preferable to define T c (N f )/M without recourse to perturbation theory.
To this end, we have adopted the string tension σ as a reference scale M , and investigated T c / √ σ (Fig. 10) . The σ is evaluated from the Wilson loop measured on zero temperature lattices, for the same set of pseudocritical couplings we have identified in our thermal study. The T c / √ σ remains stable in the error, again suggesting that our results are a reasonable approximation of the continuum ones.
T c / √ σ = 0.373(2)(+5,-6) (0.369(4)(+1,-5)) for N f = 6(8), and the decreasing trend becomes less apparent with increasing N f , and T c / √ σ does not seem to intercept the N f axis before the asymptotic freedom is lost (N f = 16.5). This may not be surprising. We find at least two reasons for the non-vanishing T c / √ σ : First, σ would not be a "UV" quantity and may also be vanishing when a conformal phase sets in. In other words, our result indicates that the regulator of T c has to be more UV than σ to elucidate the vanishing of chiral symmetry breaking via T c . From this point of view, a quantity T c w 0 where w 0 is a UV scale [73] defined by the Wilson flow [74] may be a candidate which we are currently evaluating. Suppose T c w 0 displayed the expected hints of singularity at our estimated N * f : our estimate of the critical number of flavor would be confirmed, and we will have a significant evidence of a scale separation -the two different scales bing σ and w 0 . Again however one might argue that a finite bare fermion mass breaks the conformality, and both T c and σ could be defined and finite even in the region N f ≥ N f . Thus bare fermion mass effects to T c / √ σ should be further studied in future. As indicated in Ref. [50] , the ratio T c / √ σ is one of the input parameters to set a scale in models based on the gauge/gravity duality at finite T. Such inputs for the (would-be) walking regime N f = 6 and N f = 8 are now available by the present study.
A final caveat concerns the occurrence of a small oscillatory behavior in the effective mass of the Wilson loop with smearing for N f = 8. It remains to be seen how these oscillations relate to the bulk transition observed in the conformal window: for instance these observations might confirm the original scenario in which the bulk transition would still manifest itself in the QCD phase, as a (pseudo)singularity unrelated with the chiral transition. . For a comparison, we have quoted the Tc/ √ σ from [75] (N f = 0), [76] (N f = 2, 3), [77] (N f = 4), shown as (blue) symbols.
VI. SUMMARY
We have presented an overview of some of our results on the phases of QCD at large number of flavor N f , with some emphases on the scales of the theory, and on the scale setting procedure: oversimplifying, QCD generates one dynamically relevant scale for a small number of flavors, becomes a multi-scale theory when approaching the conformal window, and then looses its infra red scale.
We need consistent procedures of scale setting in order to properly appreciate these phenomena. We are confident that we have taken at least some steps towards this goal and we hope that the strategies we have developed will help further sharpen some of the still semi-quantitative estimates presented here.
For N f = 12, our measurements of the order parameter and of the spectrum to our results provide evidence towards the existence of a symmetric, Coulomb-like phase on the weak coupling side of the lattice bulk transition. In the scenario of Refs. [61, 62] , such a Coulomb-like region must be entangled to the presence of a conformal IRFP for the theory with twelve flavors at a continuum limit. We have then analyzed the spectrum results as a function of mass, and found them to be well described by power-law fits with a mass anomalous dimension consistent with other lattice results and as well as the analytic estimates [11] .
On the QCD side (N f < N * f ), we have investigated the chiral phase transition/crossover with N f = 0 (quenched), 4, 6, and 8. We have discussed the possible implication for the (pre-)conformal dynamics at large N f , and estimated, in a few independent ways, the number of flavor N * f : We have estimated the N * f from the vanishing thermal scaling by extrapolating our critical couplings g indicates the vanishing critical temperature with the emergence of the conformal phase. Based on this reasoning, we have estimated the onset of the conformal window as N * f ∼ 12.5 ± 1.6. We have also confirmed the increasing of g c T at larger N f which has been discussed in Ref. [52] and indicates more strongly interacting non-Abelian plasma at larger N f .
Further, we have examined the N f dependence of T c /M for a variety of choices for a reference scale M : we have first considered a UV reference scale M which is determined by utilising the tadpole factor u 0 . Then, T c /M turns out to be a decreasing function of N f consistently to the FRG observations [47] , and the vanishing T c /M indicates the emergence of the conformal window around N * f ∼ 10.4 ± 1.2. Then we have studied T c / √ σ and we are currently extending our study to T c w 0 : the comparison among these different scale setting procedures allows a controlled observation of the genuine singularities -if any -associated with the onset of conformality, and should highlight the emergence of different scales in the pre-conformal window.
Last but not the least, we expect that our thermodynamic lattice study for the large N f non-Abelian gauge theory
